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Abstract
The presence of a domain wall is shown to require a tensorial central charge ex-
tension of the superconformal algebra. The currents associated with the conformal
central charges are constructed as spacetime moments of the SUSY tensorial central
charge current. The supercurrent is obtained and it contains the R symmetry current,
the SUSY spinor currents, the energy-momentum tensor and the SUSY tensorial cen-
tral charge currents as its component currents. All tensorial central charge extended
superconformal currents are constructed from the supercurrent. The superconfor-
mal currents’ and the conformal tensorial central charge currents’ (non-)conservation
equations are expressed in terms of the generalized trace of the supercurrent. It is ar-
gued that although the SUSY tensorial central charges are uncorrected, the conformal
tensorial central charges receive radiative corrections.
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1 Introduction
The existence of point-like BPS particles in supersymmetric theories is known to
require a central extension of the supersymmetry (SUSY) algebra. Well known ex-
amples of such particles are kinks in D = 2, which give rise to a central charge in the
N = 2 SUSY algebra [1] and magnetic monopoles in D = 4, which yield a central
charge in the N = 4 (N = 2) SUSY algebra [2]. At the same time, the presence
of extended objects, sometimes called p-branes, in supersymmetric theories implies
a tensorial charge extension of the SUSY algebra [3]. Since the additional tensorial
charges commute with the SUSY and translation charges, they are referred to as cen-
tral charges in the literature, even though they transform non-trivially under Lorentz
transformations. D-branes or M-branes are the equivalent of such extended objects
in string theory or M-theory; they imply the central charge extension of the D = 10
or D = 11 SUSY algebra [4], [5]. In field theory, topological solitons like domain
walls, vortex-strings, and junctions of walls and strings play a role very similar to the
branes of string theory.
The presence of a BPS domain wall in a D = 4, N = 1 supersymmetric field
theory results in a tensorial central charge which is in the (1, 0) representation of the
Lorentz group [6], while the existence of a vortex-string or a domain-wall junction re-
quires a (1/2, 1/2) tensorial charge extension [7]. Possible tensorial charge extensions
of N extended SUSY algebras in D = 3, 4 dimensions were determined in [8]. Radia-
tive corrections to tensorial central charges in the presence of various kinds of BPS
topological solitons in supersymmetric field theory have also been studied [9]–[15], in
particular in relation to soliton masses.
The minimal supersymmetric extension of the D = 10 conformal algebra (or,
of the equivalent AdS11 algebra) was found to be OSp(1|32) and necessitates the
introduction of additional bosonic tensor charges [16]. This algebra also appears as
the tensorial central charge extension of superconformal algebras in lower dimensions
with 32 supercharges (see e.g. [17], [18]). Superconformal algebras with N = 1 SUSY
in various dimensions were classified previously in [19], including those with tensor
charge extensions. In the four dimensional case of interest here, the tensorial central
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charge extension of the D = 4, N = 1 superconformal algebra SU(2, 2|1) (or, of
the equivalent N = 1 SUSY AdS5 algebra) was found to be OSp(1|8) [20]. It is a
subalgebra of the N = 2, D = 4 centrally extended superconformal algebra presented
in [21].
In light of recent progress inD = 4, N = 1 superconformal field theories in terms of
a-maximization [22], it seems timely to further discuss the tensorial charge extension
of the D = 4, N = 1 superconformal algebra. In this paper, the tensorial central
charges in the superconformal algebra are studied, which arise due to the presence of
a domain wall in D = 4, N = 1 supersymmetric field theories with chiral superfields.
The supercurrent is constructed and it is shown how all charges are associated with
its components. As the considered theories are not conformally invariant, the non-
conservation of the conformal charges is analyzed. The presence/absence of radiative
corrections to the tensorial central charges is also discussed on general grounds.
As noted above, the formation of a BPS saturated domain wall in N = 1, D = 4
superspace gives rise to a tensorial central charge extension of the SUSY algebra in
which the Weyl spinor SUSY charges Qα and Q¯α˙, with α, α˙ = 1, 2, self anticommute
to yield the tensorial central charges Zαβ and Z¯α˙β˙, respectively, [6]
{Qα, Qβ} = Zαβ ; {Q¯α˙, Q¯β˙} = Z¯α˙β˙. (1.1)
The graded Jacobi identity applied to the angular momentum and the two Q SUSY
charges implies that Z is in the (1,0) representation of the Lorentz group while applied
to the angular momentum and the two Q¯ SUSY charges implies that Z¯ transforms as
the (0,1) representation of the Lorentz group. Likewise, the graded Jacobi identity
applied to the R charge and two Q or two Q¯ SUSY charges yields that the R-weights
of the charges are additive, hence
[R,Zαβ] = +2Zαβ
[R, Z¯α˙β˙] = −2Z¯α˙β˙. (1.2)
This completes the tensorial central charge extension of the super-Poincare´ algebra
(see Appendix A for a comprehensive list of charges and commutators).
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Within the context of a generalized Wess-Zumino model consisting of chiral fields
φi and antichiral fields φ¯i¯, where i, i¯ = 1, 2, . . . , N , the action is given by
Γ =
∫
dV K(φ, φ¯) +
∫
dS W (φ) +
∫
dS¯ W¯ (φ¯), (1.3)
with (anti)chiral superpotential (W¯ (φ¯)) W (φ) and Ka¨hler potential K(φ, φ¯). Ex-
panding the superfields in terms of their component fields
φi = e−iθ/∂θ¯
[
Ai + θψi + θ2F i
]
φ¯i¯ = e+iθ/∂θ¯
[
A¯i¯ + θ¯ψ¯ i¯ + θ¯2F¯ i¯
]
, (1.4)
Noether’s theorem yields the form of the conserved SUSY currents
QµNα = 16Ki¯i
(
ψiσµσ¯λ∂λA¯
i¯
)
α
− 4iW¯i¯
(
σµψ¯ i¯
)
α
Q¯µNα˙ = 16Ki¯i
(
∂λA
iσ¯λσµψ¯ i¯
)
α˙
+ 4iWi
(
ψiσµ
)
α˙
. (1.5)
The operator conservation equations for the SUSY currents, ∂µQ
µ
Nα(x) = 0 and
∂µQ¯
µ
Nα˙(x) = 0, follow from the SUSY invariance of the action (the Lagrangian varies
into a total derivative) and the composite Euler-Lagrange equations which are as-
sumed to vanish in the Born, that is tree, approximation. (More specifically, oper-
ators are defined by their matrix elements which, via the LSZ reduction formalism,
involve the time ordered functions of the fields with the inserted operator, in this case
the Euler-Lagrange field equations times a field operator. In turn the field equations
cause the pole in the Green functions to be shifted from the mass shell and hence,
when amputated and taken to shell, such terms vanish and the operator identity is
obtained.)
Calculating the SUSY variations of the SUSY Noether currents, or equivalently
using the canonically quantized current algebra, yields the expression for the currents
associated with the tensorial central charges [6] along with Euler-Lagrange composite
field equation corrections, which again are taken to vanish on-shell,
δQαQ
µ
Nβ + δ
Q
β Q
µ
Nα = Z
µ
Nαβ
δQ¯α˙ Q¯
µ
Nβ˙
+ δQ¯
β˙
Q¯µNα˙ = Z¯
µ
Nα˙β˙
. (1.6)
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The topological form of the tensorial central charge Noether currents (the term central
charge “Noether” currents refers to the fact that the topological currents are derived
from the SUSY variations of the SUSY Noether currents, being topological currents
they are trivially conserved) are given by
ZµNαβ = −32iσµναβ∂νW¯
Z¯µ
Nα˙β˙
= −32iσ¯µν
α˙β˙
∂νW. (1.7)
Off-shell the topological currents and the central charge currents will differ by Euler-
Lagrange equations. Since these are set to zero at present, the central charge currents
have the above topological current form. Integrating the zeroth component of the
central charge current operators in equation (1.6) reproduces the centrally extended
algebra in equation (1.1). Further, from equation (1.7), the central charges are given
in terms of the superpotentials evaluated at spatial boundaries
Zαβ =
∫
d3xZ0Nαβ = −32σiαβ
∫
d3x∂iW¯
Z¯α˙β˙ =
∫
d3xZ¯0
Nα˙β˙
= 32σi
α˙β˙
∫
d3x∂iW. (1.8)
For a BPS domain wall in the x-y plane, this yields non-zero central charges 16ζ ≡
Z22 = −Z11 and 16ζ¯ ≡ Z¯11 = −Z¯22 as the asymptotic difference of the superpotential
evaluated at the different vacua connected by the domain wall which gives the domain
wall tension
ζ = +2
∫
d2x
(
W¯
∣∣∣
z=+∞
− W¯
∣∣∣
z=−∞
)
ζ¯ = +2
∫
d2x
(
W
∣∣∣
z=+∞
−W
∣∣∣
z=−∞
)
. (1.9)
The SUSY Noether currents can be improved so that they, Qµα, Q¯
µ
α˙, along with
the improved Belinfante energy-momentum tensor, T µν , the R current, Rµ, and the
improved tensorial central charge currents, Zµαβ , Z¯
µ
α˙β˙
, are component fields in the
superfield of currents known as the supercurrent [23], [24], [25], [26]. It is found that
the supercurrent, denoted V µ = (σ¯µ)α˙αVαα˙, has the operator (on-shell) form
V µ(x, θ, θ¯) = Rµ(x) + iθ
[
Qµ(x)− 1
3
Qρ(x)σρσ¯
µ
]
− iθ¯
[
Q¯µ(x)− 1
3
σ¯µσρQ¯ρ(x)
]
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+
1
24
θ2σµνβα Z
α
νβ (x)−
1
24
θ¯2σ¯µνα˙
β˙
Z¯ β˙ν α˙(x)
+θσν θ¯
{
2
[
T µν(x)− 1
3
gµνT ρρ(x)
]
+
1
2
ǫµνρσ∂ρRσ(x)
}
+
1
2
θ2θ¯ [∂µσ¯ν − iǫµνρσσ¯ρ∂σ]
[
Qµ(x)− 1
3
Qρ(x)σρσ¯
µ
]
−1
2
θ¯2θ [∂µσν − iǫµνρσσρ∂σ]
[
Q¯µ(x)− 1
3
σ¯µσρQ¯ρ(x)
]
+
1
4
θ2θ¯2
[
∂2gµν − 2∂µ∂ν
]
Rν(x). (1.10)
Hence all of the tensorial central charge extended super-Poincare´ currents can be
obtained from the supercurrent [24]. Indeed the currents are the θ and θ¯ indepen-
dent component of the superfield expressions (denoted by hats) obtained from V µ by
differentiation
Rˆµ = V µ = Rµ + · · ·
Qˆµα = −i [DαV µ − (DV νσν σ¯µ)α] = Qµα + · · ·
ˆ¯Q
µ
α˙ = +i
[
D¯α˙V
µ − (σ¯µσνD¯Vν)α˙
]
= Q¯µα˙ + · · ·
Zˆµαβ = σ
µν
αβDDVν = +2i
[
σ¯µγα Dβ + σ¯
µγ
β Dα
]
DγVγγ˙ = Z
µ
αβ + · · ·
ˆ¯Z
µ
α˙β˙ = −σ¯µνα˙β˙D¯D¯Vν = −2i
[
D¯α˙σ¯
µγ˙
β˙
+ D¯β˙σ¯
µγ˙
α˙
]
D¯γ˙Vγγ˙ = Z¯
µ
α˙β˙
+ · · ·
Tˆ µν = +
1
16
[
V µν + V νµ − 2gµνV ρρ
]
= T µν + · · · , (1.11)
where V µν ≡ (DσµD¯ − D¯σ¯µD)V ν and the ellipses denote the higher θ and θ¯ com-
ponents of the superfields. The angular momentum tensor is made from the energy-
momentum tensor as usual, Mˆµνρ = xρTˆ µν − xν Tˆ µρ =Mµνρ + · · ·.
The existence of the tensorial central charges Zαβ and Z¯α˙β˙ requires that the super-
conformal algebra be additionally central charge extended. In particular the special
(or conformal) SUSY charges Sα and S¯α˙ self anticommute to give the nonzero tensorial
central charges Xαβ and X¯α˙β˙
{Sα, Sβ} = Xαβ ; {S¯α˙, S¯β˙} = X¯α˙β˙. (1.12)
Also the SUSY and conformal SUSY charges anticommute to yield the vectorial cen-
tral charges Y µ and Y¯ µ
{Qα, S¯α˙} = Yαα˙ = +2σµαα˙Yµ ; {Sα, Q¯α˙} = Y¯αα˙ = +2σµαα˙Y¯µ. (1.13)
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The complete extended superconformal algebra is given in Appendix A. The purpose
of this paper is to construct these tensorial central charges and their currents by use of
the associated current algebra. It is shown that they are given by space-time moments
of the super-Poincare´ (SUSY) tensorial central charge currents Zµαβ and Z¯
µ
α˙β˙
similar to
the way the superconformal charges and currents are moments of the SUSY currents
and the energy-momentum tensor. The generalized trace of the supercurrent given
by DαVαα˙ and D¯
α˙Vαα˙ determines all conservation and non-conservation equations for
the centrally extended superconformal currents.
In section 2 the current algebra is used to determine the central charges and
their currents in the framework of the generalized Wess-Zumino model of equation
(1.3). The conformal tensorial central charge currents and their nonconservation
equations follow from that of the SUSY tensorial central charge currents, Zµαβ and Z¯
µ
α˙β˙
,
and their traces. This in turn is given by the generalized trace of the supercurrent,
as are all the superconformal current nonconservation equations. In section 3 the
component currents of the supercurrent are determined. The R symmetry current,
the modified and improved SUSY currents and energy-momentum tensor and SUSY
tensorial central charge currents are explicitly determined in terms of the component
fields. Radiative corrections to the SUSY tensorial central charges and currents have
been extensively studied in models containing extended objects in various dimensions
and types of SUSY [9], [6], [10]-[15]. Although a rigorous treatment of the radiative
corrections to the central charge currents is beyond the scope of this paper, the form
of the radiative corrections to the supercurrent trace equations is conjectured upon in
section 4. There it is argued, that while the SUSY tensorial central charges evaluated
on a domain wall are not radiatively corrected, the conformal tensorial central charges
depend on the anomalous dimension of the superfields.
2 Tensorial Central Charges and Currents
The SUSY and superconformal variations of the associated currents yield expressions
for the various tensorial central charges and currents. The superconformal currents,
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denoted SµNα and S¯
µ
Nα˙, corresponding to the action in equation (1.3), are found via
Noether’s theorem using the superconformal transformations given in Appendix B
SµNα = −/xαα˙ Q¯µα˙N + 2sµα
S¯µNα˙ = −QµαN /xαα˙ + 2s¯µα˙, (2.1)
where the sµα and s¯
µ
α˙ terms are given by
sµα = −16dAiKi¯i(σ¯µψ¯ i¯)α
s¯µα˙ = −16d(ψiσµ)Ki¯iA¯i¯α, (2.2)
with d the scale weight of the chiral fields which, canonically, is given by d = 1 and will
receive anomalous dimension radiative corrections such that d → 1 + γ as obtained
in section 4. The action is not superconformal invariant so that the divergence of the
superconformal current yields
∂µS
µ
Nα = ∆
S
αL
∂µS¯
µ
Nα˙ = ∆
S¯
α˙L, (2.3)
with the superconformal symmetry breaking terms given by
∆SαL = +8iψiα
∂
∂Ai
[3− dN ]W − 16iF¯ i¯ψiα [2− 2d− dN ]Ki¯i
+4iψ¯ i¯ψ¯j¯ψiα [2− 2d− dN ]Ki¯ij¯ + 32(σµψ¯ i¯)α∂µAi
[
1− 1d− dN¯
]
Ki¯i
∆S¯α˙L = −8iψ¯ i¯α˙
∂
∂A¯i¯
[
3− dN¯
]
W¯ + 16iF iψ¯ i¯α˙
[
2− 2d− dN¯
]
Ki¯i
−4iψiψjψ¯ i¯α˙
[
2− 2d− dN¯
]
Kiji¯ + 32(ψ
iσµ)α˙∂µA¯
i¯
[
1− 1d− dN¯
]
Ki¯i.
(2.4)
The number operators are given by the functional operators N = ∫ d4xAi(x)δ/δAi(x)
and N¯ = ∫ d4xA¯i¯(x)δ/δA¯i¯(x).
From the form of the extended superconformal algebra, equation (1.13), the ad-
ditional central charge currents can be found by considering the SUSY variation of
the superconformal current plus the superconformal variation of the SUSY current
Y µNαα˙ ≡ δQα S¯µNα˙ + δS¯α˙QµNα = /xβα˙
[
δQαQ
µ
Nβ + δ
Q
β Q
µ
Nα
]
− 32dσµαα˙W¯,¯iA¯i¯
8
= −32i(/¯xσµν)α˙α∂νW¯ − 32dσµαα˙W¯,¯iA¯i¯, (2.5)
where once again Euler-Lagrange terms have been set to zero. Likewise the conjugate
central charge current is given by
Y¯ µNαα˙ ≡ δQ¯α˙SµNα + δSαQ¯µNα˙ = −/¯xβ˙α
[
δQα˙ Q¯
µ
Nβ˙
+ δQ¯
β˙
Q¯µNα˙
]
− 32dσµαα˙W,iAi
= −32i(/xσ¯µν)αα˙∂νW − 32dσµαα˙W,iAi, (2.6)
Also the superconformal variations of the superconformal currents, equation (1.12),
yield
X¯µ
Nα˙β˙
≡ δS¯α˙ S¯µNβ˙ + δS¯β˙ S¯
µ
Nα˙ = 32i(/¯xσ
µν/x)α˙β˙∂νW¯ − 64idxν σ¯µνα˙β˙A¯i¯W¯,¯i (2.7)
and likewise for the conjugate current
XµNαβ ≡ δSαSµNβ + δSβSµNα = 32i(/xσ¯µν /¯x)αβ∂νW − 64idxνσµναβAiW,i. (2.8)
Belinfante improved SUSY and superconformal currents can be defined. The
improved SUSY currents, denoted Qµα and Q¯
µ
α˙, are given by
Qµα = Q
µ
Nα + ∂ρG
ρµ
α
Q¯µα˙ = Q¯
µ
Nα˙ + ∂ρG¯
ρµ
α˙ , (2.9)
with the antisymmetric tensor indexed improvement terms
Gρµα = aKi¯i(ψ
iσρµ)αA¯
i¯
G¯ρµα˙ = a¯Ki¯iA
i(σ¯ρµψ¯ i¯)α˙. (2.10)
The arbitrary constants a and a¯ can be chosen so that the improved superconformal
currents, denoted Sµα and S¯
µ
α˙, are simply the space-time moment of the improved
SUSY currents
Sµα = S
µ
Nα + ∂ρ[/x
α˙
α G¯
ρµ
α˙ ] = −/xαα˙Q¯µα˙ +
(
2− 3ia¯
16d
)
sµα
S¯µα˙ = S¯
µ
Nα˙ + ∂ρ[/¯x
α
α˙ G
ρµ
α ] = −Qµα/xαα˙ +
(
2− 3ia
16d
)
s¯µα˙. (2.11)
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Choosing a = −i32d
3
and a¯ = +i32d
3
, the desired forms of the superconformal currents
are obtained
Sµα = −/xαα˙Q¯µα˙
S¯µα˙ = −Qµα/xαα˙. (2.12)
Applying the SUSY and superconformal variations to these improved currents,
the improved current algebra and the improved central charge currents are obtained
δQαQ
µ
β + δ
Q
β Q
µ
α = Z
µ
αβ ; δ
Q¯
α˙ Q¯
µ
β˙
+ δQ¯
β˙
Q¯µα˙ = Z¯
µ
α˙β˙
δQα S¯
µ
α˙ + δ
S¯
α˙Q
µ
α = Y
µ
αα˙ ; δ
Q¯
α˙ S
µ
α + δ
S
αQ¯
µ
α˙ = Y¯
µ
αα˙
δSαS
µ
β + δ
S
βS
µ
α = X
µ
αβ ; δ
S¯
α˙ S¯
µ
β˙
+ δS¯
β˙
S¯µα˙ = X¯
µ
α˙β˙
, (2.13)
where the improved central charge currents are found to be (ignoring Euler-Lagrange
terms)
Zµαβ = −32iσµναβ∂ν
[
W¯ − d
3
A¯i¯W¯,¯i
]
; Z¯µ
α˙β˙
= −32iσ¯µν
α˙β˙
∂ν
[
W − d
3
AiW,i
]
Y µαα˙ = (/¯xZ
µ)α˙α ; Y¯
µ
αα˙ = (/xZ¯
µ)αα˙
Xµαβ = −(/xZ¯µ/¯x)αβ ; X¯µα˙β˙ = −(/¯xZµ/x)α˙β˙ . (2.14)
The conformal central charge currents Y µαα˙, Y¯
µ
αα˙, X
µ
αβ and X¯
µ
α˙β˙
are given by the space-
time moments of the topological SUSY central charges Zµαβ and Z¯
µ
α˙β˙
. The topological
central charge currents are trivially conserved, however the conformal central charge
currents are not conserved
∂µY
µ
αα˙ = (σ¯µZ
µ)αα˙ = 96σ
µ
αα˙∂µ
[
W¯ − d
3
A¯i¯W¯,¯i
]
∂µY¯
µ
αα˙ = (σµZ¯
µ)αα˙ = 96σ
µ
αα˙∂µ
[
W − d
3
AiW,i
]
∂µX
µ
αβ = −(σµZ¯µ/¯x)αβ − (σµZ¯µ/¯x)βα = −96iσµναβ [xµ∂ν − xν∂µ]
[
W − d
3
AiW,i
]
∂µX¯
µ
α˙β˙
= −(/¯xZµσµ)α˙β˙ − (/¯xZµσµ)β˙α˙ = −96iσ¯µνα˙β˙[xµ∂ν − xν∂µ]
[
W¯ − d
3
A¯i¯W¯,¯i
]
.
(2.15)
The nonconservation equations of the conformal central charge currents are deter-
mined by the vector component of the trace of the topological SUSY central charge
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currents, (σµZ¯
µ)αα˙ and (Z
µσµ)αα˙. Finally, the Q-S anticommutators give rise to the
angular momentum, dilatation and R currents as seen in equation (A.9). Since the
domain wall solution is a static solution its R charge vanishes, hence the ρ = −1/3
factor in the algebra cannot be tested.
3 The Supercurrent
Not only are the tensorial central charge extended super-Poincare´ symmetry currents
and their conservation equations obtained from the supercurrent and its derivatives
as indicated in equation (1.11), but also the centrally extended superconformal cur-
rents are obtained from the supercurrent. For instance the superconformal symmetry
current is given by
Sˆµα = −/xαα˙ ˆ¯Q
µα˙
= −i/xαα˙
[
D¯α˙V µ − (σ¯µσνD¯V ν)α˙
]
= Sµα + · · ·
ˆ¯S
µ
α˙ = −Qˆµα/xαα˙ = +i [DαV µ − (DV νσν σ¯µ)α] /xαα˙ = S¯µα˙ + · · · . (3.1)
The divergence of the superconformal current is found from above to be
∂µSˆ
µ
α = −σµαα˙ ˆ¯Q
µα˙
= +6iD¯α˙Vαα˙
∂µ
ˆ¯S
µ
α˙ = −Qˆµασµαα˙ = −6iDαVαα˙. (3.2)
The nonconservation of the superconformal currents are characterized by the gener-
alized traces of the supercurrent, DαVαα˙ and D¯
α˙Vαα˙. Likewise the nonconservation
equations of the superconformal tensorial central charge currents are given in equa-
tion (2.15) by the traces of the tensorial SUSY central charge currents (σµZ¯
µ)αα˙ and
(Zµσµ)αα˙. In turn, from equation (1.11), it is seen that the sigma traces of Z and Z¯
are given in terms of the generalized traces of the supercurrent
(Zˆµσµ)βα˙ = +12iDβD
αVαα˙
(σµ
ˆ¯Z
µ
)αβ˙ = −12iD¯β˙D¯α˙Vαα˙. (3.3)
Indeed the SUSY tensorial central charge currents are themselves given in terms of
the generalized traces of the supercurrent as is already evident in equation (1.11).
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The supercurrent associated with the generalized Wess-Zumino action, equation
(1.3), is given by
Vαα˙ = −8
3
Dαφ
iK,i¯i D¯α˙φ¯
i¯ − 16
3
iK,i /∂αα˙φ
i +
16
3
iK,¯i /∂αα˙φ¯
i¯
= −4
3
[Dα, D¯α˙]K − 8
3
iK,i /∂αα˙φ
i +
8
3
iK,¯i /∂αα˙φ¯
i¯. (3.4)
Using the equations of motion as algebraic identities in which the Euler-Lagrange
derivatives are not set to zero but are kept explicit so that
δΓ
δφi
= D¯D¯K,i+W,i
δΓ
δφ¯i¯
= DDK,¯i+W¯ ,¯i , (3.5)
the generalized traces of the supercurrent take the form
− 2wαΓ = D¯α˙Vαα˙ + 2DαS
−2w¯α˙Γ = DαVαα˙ + 2D¯α˙S¯. (3.6)
The Ward-Takahashi identity functional differential operators, wα and w¯α˙, acting on
the action functional Γ are defined by
wαΓ = 2(Dαφ
i)
δΓ
δφi
+
∑
i
niDα
(
φi
δΓ
δφi
)
w¯α˙Γ = 2(D¯α˙φ¯
i¯)
δΓ
δφ¯i¯
+
∑
i¯
n¯i¯D¯α˙
(
φ¯i¯
δΓ
δφ¯i¯
)
. (3.7)
The superconformal algebra closes on the chiral fields only if the R-weights, ni and
n¯i¯, are related to the scaling weights, di and d¯i¯, of the fields (d¯i = di):
ni = −2
3
di
n¯i¯ = +
2
3
d¯i¯. (3.8)
The potential symmetry breaking terms in the traces are given by the chiral S and
antichiral S¯ fields
S = −
[
2W +
∑
i
niφ
iW,i+D¯D¯(
2
3
K +
∑
i
niφ
iK,i )
]
12
S¯ = −

2W¯ +∑
i¯
n¯i¯φ¯
i¯W¯ ,¯i+DD(
2
3
K +
∑
i¯
n¯i¯φ¯
i¯K,¯i )

 . (3.9)
Taking a spinor derivative of the trace equations and adding implies the conservation
equation for the supercurrent
∂µV
µ = iwΓ + i(DDS − D¯D¯S¯), (3.10)
where the Ward-Takahashi identity functional differential operator w ≡ Dαwα −
D¯α˙w¯
α˙.
The identification of the component currents of the supercurrent can be obtained
by expanding the superfields in terms of their component field structure. At the same
time the action also can be expanded in component fields. Noether’s theorem can be
applied for each symmetry current and the current algebra can be used to define the
SUSY tensorial central charge currents. So doing the corresponding identification of
the supercurrent components is secured. This is done for the generalized Wess-Zumino
model with canonical Ka¨hler potential, using i¯ = i when no ambiguity arises,
K(φ, φ¯) = φ¯iφi. (3.11)
In this case the supercurrent is given by
Vαα˙ = −8
3
Dαφ
iD¯α˙φ¯
i +
16
3
iφi
↔
/∂αα˙ φ¯
i, (3.12)
and the breaking terms in the trace identities are
S = −[2W +∑
i
niφ
iW,i+D¯D¯(
2
3
φ¯iφi +
∑
i
niφ¯
iφi)]
S¯ = −[2W¯ +∑
i
niφ¯
iW¯ ,i+DD(
2
3
φ¯iφi +
∑
i
niφ¯
iφi)]. (3.13)
which become for canonical scaling weight ni = −2/3
S = −2[W − 1
3
φiW,i ]
S¯ = −2[W¯ − 1
3
φ¯iW¯ ,i ]. (3.14)
The component Lagrangian and needed symmetry transformations of the fields
are specified in Appendix B. The R-symmetry current is
Rµ =
32
3
iAi
↔
∂µ A¯i − 8
3
ψiσµψ¯i (3.15)
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with conservation equation given as an algebraic identity
∂µR
µ = δRL− wR(x)Γ, (3.16)
where the R breaking terms arise from the variation of the Lagrangian
δRL = +4i
[
F i(nW,ij A
j + (n + 2)W,i )− 1
4
ψiψj(nW,ijk A
k + 2(n+ 1)W,ij )
]
−4i
[
F¯ i(nW¯ ,ij A¯
j + (n + 2)W¯ ,i )− 1
4
ψ¯iψ¯j(nW¯ ,ijk A¯
k + 2(n + 1)W¯ ,ij )
]
.
(3.17)
The scale and related R weights of all fields have been taken to be the same, de-
noted by R weight n. The Ward-Takahashi identity functional differential opera-
tor for R transformations is defined by wR(x) ≡ ∑ϕ δRϕi(x)δ/δϕi(x), where ϕ ∈
{A,ψ, F, A¯, ψ¯, F¯} runs over all the component fields. Technically the current con-
servation equations are to be viewed as composite operator insertions in one-particle
irreducible Green’s functions. In the tree approximation considered here such an
insertion reduces to equation (3.16) with Γ the tree approximation effective action
(1-PI generating functional) which has the form of the classical action given in Ap-
pendix B equations (B.10) and (B.11). That is any composite operator inserted 1-PI
function reduces to just the operator in terms of sources, that is O(x)Γ = O(x) in
the Born approximation, such is the case with the composite Euler-Lagrange equa-
tions. For the canonical case that n = −2/3 the R variation operator is wR(x) =
i[2
3
A(x)δ/δA(x)− 1
3
ψα(x)δ/δψα(x)− 2
3
F (x)δ/δF (x) + · · ·] where the field index i has
been suppressed.
In the SUSY case the Lagrangian is not invariant but transforms into a total
derivative, hence, as in equation (1.5), the Noether SUSY currents, defined here with
the aid of the SUSY transformation Grassmann Weyl spinor parameters ξα and ξ¯α˙,
are given by
QµN(ξ) = 16(ψ
iσµσ¯ρξ)∂ρA¯
i − 4iW¯ ,i ξσµψ¯i
= 16ξψi∂µA¯i − 16iψiσµρξ∂ρA¯i − 4iW¯ ,i ξσµψ¯i
Q¯µN(ξ¯) = 16(ξ¯σ¯
ρσµψ¯i)∂ρA
i + 4iW,i ψ
iσµξ¯
= 16ξ¯ψ¯i∂µAi − 16iξ¯σ¯ρµψ¯i∂ρAi + 4iW,i ψiσµξ¯. (3.18)
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The SUSY currents are conserved
∂µQ
µ
N(ξ) = −wQ(ξ)Γ
∂µQ¯
µ
N(ξ¯) = −wQ¯(ξ¯)Γ. (3.19)
Using the Euler-Lagrange derivative with respect to the auxiliary fields in order to
express the derivative of the superpotential in terms of them, modified SUSY currents
are defined as (summation over the field index is suppressed)
QµM(ξ) ≡ QµN(ξ)− i
δΓ
δF¯
(ξσµψ¯) = 16(ψσµσ¯ρξ)∂ρA¯− 16iF (ξσµψ¯)
Q¯µM(ξ¯) ≡ Q¯µN(ξ¯) + i
δΓ
δF
(ψσµξ¯) = 16(ξ¯σ¯ρσµψ¯)∂ρA
i + 16iF¯ (ψσµξ¯). (3.20)
Now the conservation equations for the modified SUSY currents are those of the
Noether SUSY currents with the addition of total derivatives of composite Euler-
Lagrange equations
∂µQ
µ
M(ξ) = −wQ(ξ)Γ− i∂µ(ξσµψ¯
δΓ
δF¯
)
∂µQ¯
µ
M(ξ¯) = −wQ¯(ξ¯)Γ + i∂µ(ψσµξ¯
δΓ
δF
). (3.21)
Finally improved SUSY currents can be defined
Qµ(ξ) ≡ QµM (ξ) + ∂ρQρµ(ξ)
Q¯µ(ξ¯) ≡ Q¯µM (ξ¯) + ∂ρQ¯ρµ(ξ¯), (3.22)
with the improvement terms
Qρµ(ξ) = ξαQρµα = a(ψσ
ρµξ)A¯
Q¯ρµ(ξ) = ξ¯α˙Q¯
ρµα˙ = a¯(ξ¯σ¯ρµψ¯)A. (3.23)
The improvements are chosen to make the trace “soft” for a renormalizable superpo-
tential and the superconformal currents expressed as the simple space-time moment
of the SUSY currents, as seen in equations (2.11) and (2.12); hence a = −32
3
i and
a¯ = +32
3
i. Thus the improved SUSY currents have the component field form
Qµ(ξ) = 16(ξψ)∂µA¯− 16iF (ξσµψ¯) + 32
3
i(∂ρψσ
µρξ)A¯− 16
3
i(ψσµρξ)∂ρA¯
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Q¯µ(ξ¯) = 16(ξ¯ψ¯)∂µA+ 16iF¯ (ψσµξ¯) +
32
3
i(ξ¯σ¯ρµ∂ρψ¯)A− 16
3
i(ξ¯σ¯ρµψ¯)∂ρA,
(3.24)
and conservation equations
∂µQ
µ(ξ) = −wQ(ξ)Γ− i∂µ(ξσµψ¯ δΓ
δF¯
)
∂µQ¯
µ(ξ¯) = −wQ¯(ξ¯)Γ + i∂µ(ψσµξ¯ δΓ
δF
) (3.25)
and “soft” trace equations
(Qµσµ)α˙ = 3i[a +
32
3
i](ψσµ)α˙∂µA¯ + 16i[W¯ ,i− 3
64
iaA¯jW¯ ,ij ]ψ¯
i
α˙ +
3
8
aA¯i
δΓ
δψ¯iα˙
= +16i[W¯ ,i−1
2
A¯jW¯ ,ij ]ψ¯
i
α˙ − 4iA¯i
δΓ
δψ¯iα˙
(σµQ¯
µ)α = −3i[a¯− 32
3
i](σµψ¯)α∂µA− 16i[W,i+ 3
64
ia¯W,ij A
j ]ψiα −
3
8
a¯
δΓ
δψiα
Ai
= −16i[W,i−1
2
W,ij A
j]ψiα − 4i
δΓ
δψiα
Ai. (3.26)
The Noether energy-momentum tensor can be found using the space-time trans-
lation intrinsic variation of each component field, δPµ ϕ = ∂µϕ, and the fact that the
variation of the Lagrangian is its derivative, δPµL = ∂µL. These yield the Noether
energy-momentum tensor
T µνN = 16[∂
µA∂νA¯+ ∂νA∂µA¯]− 4i[∂νψσµψ¯ − ψσµ∂νψ¯]− gµνL (3.27)
with conservation equation
∂µT
µν
N = −wPν(x)Γ (3.28)
where the translation Ward-Takahashi identity operator is given by
wPµ (x) = ∂µA
δ
δA
+ ∂µψ
α δ
δψα
+ · · · . (3.29)
A symmetric energy-momentum tensor can be defined by means of the Belinfante
improvement procedure
T µνB = T
µν
N + ∂ρG
ρµν
B (3.30)
with the improvement term chosen to symmetrize the energy-momentum tensor, mod-
ulo Euler-Lagrange terms,
GρµνB = −16ǫµνρσ(ψσσψ¯). (3.31)
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Exploiting the fermion field equations as algebraic identities, the Belinfante energy-
momentum tensor is obtained
T µνB = 16[∂
µA∂νA¯+ ∂νA∂µA¯] + 2i[ψσν
↔
∂µ ψ¯ + ψσµ
↔
∂ν ψ¯]− gµνL
−2i[ψσµν δΓ
δψ
+
δΓ
δψ¯
σ¯µνψ¯]. (3.32)
The conservation equation remains the same ∂µT
µν
B = ∂µT
µν
N = −wPν(x)Γ. The trace
of the Belinfante tensor however is not “soft”. A further improved tensor with a soft
trace can be obtained by adding yet another trivially conserved term to T µνB
T µνI = T
µν
B + ξ(g
µν∂2 − ∂µ∂ν)(32AA¯), (3.33)
where the “soft” trace condition yields ξ = 1/6.
The final form of the conserved, symmetric and “soft” trace energy-momentum
tensor is obtained by once more modifying the current by subtracting composite
Euler-Lagrange equations from the improved tensor
T µν = T µνI −Eµν
= 16[∂µA∂νA¯ + ∂νA∂µA¯]− gµν16∂ρA∂ρA¯+ 1
3
(gµν∂2 − ∂µ∂ν)16(AA¯)
+gµν16FF¯ + 2i[ψσν
↔
∂
µ
ψ¯ + ψσµ
↔
∂
ν
ψ¯], (3.34)
where the composite Euler-Lagrange terms are given by
Eµν = −gµν
[
F
δΓ
δF
+ F¯
δΓ
δF¯
+
1
2
(
ψ
δΓ
δψ
− δΓ
δψ¯
ψ¯
)]
− 2i
[
ψσµν
δΓ
δψ
+
δΓ
δψ¯
σ¯µνψ¯
]
. (3.35)
The energy-momentum tensor is conserved
∂µT
µν = ∂µT
νµ = ∂µT
µν
N − ∂µEµν = −wPν(x)− ∂µEµν (3.36)
and has the “soft” trace
T λλ = 16(A∂
2A¯+ ∂2AA¯) + 64FF¯ + 4iψ
↔
/∂ ψ¯
= T λI λ + 4
[
F
δΓ
δF
+ F¯
δΓ
δF¯
+
1
2
(
ψ
δΓ
δψ
− ψ¯ δΓ
δψ¯
)]
= 8[W,i−1
2
W,ij A
j ]F i + 8[W¯ ,i−1
2
W¯ ,ij A¯
j ]F¯ i
−[W,ij −W,ijk Ak]ψiψj − [W¯ ,ij −W¯ ,ijk A¯k]ψ¯iψ¯j
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[
−
(
A
δΓ
δA
+ A¯
δΓ
δA¯
)
+
1
2
(
ψ
δΓ
δψ
− ψ¯ δΓ
δψ¯
)
+ 2
(
F
δΓ
δF
+ F¯
δΓ
δF¯
)]
. (3.37)
Finally, the topological charge currents, denoted ζµαβ and ζ¯
µ
α˙β˙
, and the SUSY ten-
sorial central charge currents, denoted Zµαβ and Z¯
µ
α˙β˙
, are found by considering the
SUSY variations of the modified and improved SUSY currents in equation (3.24)
δQαQ
µ
β + δ
Q
β Q
µ
α = Z
µ
αβ = ζ
µ
αβ − 8iσµναβ
[
δΓ
δF¯
∂νA¯− 1
3
∂ν
(
δΓ
δF¯
A¯
)]
δQ¯α˙ Q¯
µ
β˙
+ δQ¯
β˙
Q¯µα˙ = Z¯
µ
α˙β˙
= ζ¯µ
α˙β˙
− 8iσ¯µν
α˙β˙
[
δΓ
δF
∂νA− 1
3
∂ν
(
δΓ
δF
A
)]
, (3.38)
where the topological currents are given by
ζµαβ = −32iσµναβ∂ν
(
W¯ − 1
3
W¯ ,i A¯
i
)
ζ¯µ
α˙β˙
= −32iσ¯µν
α˙β˙
∂ν
(
W − 1
3
W,iA
i
)
. (3.39)
As in the case of the Noether version of these currents, on-shell they are equal, inserted
in Green’s functions they differ by composite Euler-Lagrange equations. The SUSY
tensorial central charge currents obey the conservation equations with Ward-Identity
functional differential operator divergences
∂µZ
µ
αβ = −8iσµναβ(∂µ
δΓ
δF¯
)(∂νA¯)
∂µZ¯
µ
α˙β˙
= −8iσ¯µν
α˙β˙
(∂µ
δΓ
δF
)(∂νA). (3.40)
This can be interpreted as the invariance of the theory under a local tensorial sym-
metry transformation involving only the auxiliary fields as found in references [15],
[12]. The conserved SUSY tensorial central charge currents correspond to a local
symmetry transformation of the auxiliary fields
δZ(ζ, ζ¯)F = −4iσ¯µν
α˙β˙
(∂µζ¯
α˙β˙)(∂νA)
δZ(ζ, ζ¯)F¯ = −4iσµναβ(∂µζαβ)(∂νA¯), (3.41)
all other fields being invariant and the local central charge transformation parameters
are ζαβ(x) and ζ¯α˙β˙(x).
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Expanding the superfield expression for the supercurrent, equation (3.12), in terms
of the component fields, the identification of its components in terms of the improved
currents can be made
V µ = Cµ + iθαχµα − iθ¯α˙χ¯α˙µ +
1
2
θ2Mµ +
1
2
θ¯2M¯µ + 2θσν θ¯v
µν
+
1
2
θ2θ¯α˙λ¯
α˙µ +
1
2
θ¯2θαλµα +
1
4
θ2θ¯2Dµ, (3.42)
where the components are given by
Cµ = Rµ
χµα =
[
Qµ − 1
3
Qνσν σ¯
µ
]
α
χ¯µα˙ =
[
Q¯µ − 1
3
Qν σ¯µσν
]
α˙
Mµ =
1
12
σµνβα Z
α
νβ
M¯µ = − 1
12
σ¯µνα˙
β˙
Z¯ β˙ν α˙
vµν =
[
T µν − 1
3
gµνT λλ
]
+
1
4
ǫµνρσ∂ρRσ +
i
4
[
ψσµν
δΓ
δψ
+
δΓ
δψ¯
σ¯µνψ¯
]
λ¯µ = [∂µσ¯ν − iǫµνρσ σ¯ρ∂σ]
[
Qµ(x)− 1
3
Qρ(x)σρσ¯
µ
]
+(σ¯µψ)
δΓ
δA
+ 6i
δΓ
δψ¯
∂µA¯+ 2
δΓ
δψ¯
σ¯µν∂νA¯
+2F σ¯µ
δΓ
δψ
− 3i(∂µ δΓ
δF¯
)ψ¯ + (∂ν
δΓ
δF¯
)(σ¯µνψ¯)
λµ = [∂µσν − iǫµνρσσρ∂σ]
[
Q¯µ(x)− 1
3
σ¯µσρQ¯ρ(x)
]
− δΓ
δA¯
(σµψ¯) + 6i∂µA
δΓ
δψ
− 2∂νAσµν δΓ
δψ
−2( δΓ
δψ¯σ¯µ
)F¯ + 3iψ(∂µ
δΓ
δF
)− (σµνψ)(∂ν δΓ
δF
)
Dµ =
[
∂2gµν − 2∂µ∂ν
]
Rν(x)
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+2iψ
↔
∂µ
δΓ
δψ
− 2i δΓ
δψ¯
↔
∂µ ψ¯
+4i
[
−∂µAδΓ
δA
+ F∂µ
δΓ
δF
+ ∂µA¯
δΓ
δA¯
− F¯ ∂µ δΓ
δF¯
]
. (3.43)
As usual, on-shell the Euler-Lagrange terms vanish and the supercurrent components
are given in terms of the super-Poincare´ currents as in equation (1.10). As in equa-
tions (1.11) and (2.14) and (3.1), the extended tensorial central charge superconformal
currents can all be obtained from the supercurrent with their (non-)conservation equa-
tions following from the generalized traces of the supercurrent, DαVαα˙ and D¯
α˙Vαα˙.
4 Radiative Corrections
A rigorous treatment of the radiative corrections to the quantization of the generalized
Wess-Zumino model about a domain wall solution is beyond the scope of this paper
[9], [10]-[15]. However, based on some general assumptions, the conjectured results
of a renormalization program will be discussed. The trace of the supercurrent as an
algebraic identity is expressed in equation (3.6) where now the distinction between the
Lagrangian and its action, denoted Γ0, and the effective action which is the generator
of 1-PI functions, denoted Γ, must be made so that the trace equations become the
algebraic identities
− 2(wαΓ0)hardΓ = D¯α˙Vαα˙Γ + 2DαShardΓ
−2(w¯α˙Γ0)hardΓ = DαVαα˙Γ + 2D¯α˙S¯hardΓ, (4.1)
where the renormalized (“hard”) composite operators, including the supercurrent, are
understood to be inserted in the 1-PI function generating functional Γ. The quantum
action principle applied to the composite Euler-Lagrange equations on the left hand
side of these equations as well as the renormalization of the operators in equation
(4.1) will determine the radiative corrections to this identity. Assuming a completely
invariant renormalization scheme exists such as a BPHZ momentum superspace sub-
traction procedure [27] with perhaps an auxiliary subtraction parameter and/or a
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modified subtraction algorithm to account for the domain wall background quantiza-
tion, the composite Euler-Lagrange equations would maintain their naive form. This
results in the inserted Euler-Lagrange equations being replaced with just the Ward-
Takahashi functional differential operator acting on the effective action, hence the
renormalized trace identities in this scheme take the simple form
− 2wαΓ = D¯α˙Vαα˙Γ + 2DαShardΓ
−2w¯α˙Γ = DαVαα˙Γ + 2D¯α˙S¯hardΓ , (4.2)
where the supercurrent Vαα˙ and the breaking terms Shard and S¯hard are understood to
be “BPHZ” renormalized operators. The breaking terms Shard and S¯hard have their
naive form as in equations (3.9) and (3.13) however there is an over subtraction of
the super renormalizable terms appearing in Shard and S¯hard; this is the price paid in
order to maintain the naive form of the equations of motion. The over subtracted,
and therefore hard, terms are related to the corresponding minimally renormalized,
and hence soft, terms by the addition of all power counting hard composite operators
that can be constructed maintaining the symmetries respected by this idealized BPHZ
scheme. For example, the over subtracted chiral mass term in the original Wess-
Zumino model, Nhard[φ
2], is related to the minimally subtracted mass term, Nsoft[φ
2],
by the addition of all dimension 3 chiral composite operators through use of the
Zimmermann identity [28], [27], [24]
Nhard[φ
2] = Nsoft[φ
2] + tNhard[φ
3] + rNhard[D¯D¯φφ¯] + vNhard[∂
2φ] + wNhard[D¯D¯φ¯
2],
(4.3)
where the r, t, v and w are O(h¯) coefficients. The first coefficient can be shown
to vanish due to the no renormalization theorem for the superpotential and hence
a conserved R symmetry, t = 0 [24]. The remaining coefficients can be consistently
absorbed into a renormalization of the now modified supercurrent V ′αα˙ so that the
trace equations become
− 2wαΓ = D¯α˙V ′αα˙Γ + 2DαS ′ Γ
−2w¯α˙Γ = DαV ′αα˙Γ + 2D¯α˙S¯ ′ Γ , (4.4)
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with the breaking terms having the form
S ′ = −
[
2W +
∑
i
niφ
iW,i+D¯D¯
∑
i
(
2
3
+ ni + ri
)
φ¯iφi
]
minimum
S¯ ′ = −
[
2W¯ +
∑
i
niφ¯
iW¯ ,i+DD
∑
i
(
2
3
+ ni + ri
)
φ¯iφi
]
minimum
, (4.5)
where the “minimum” subscript indicates that each term in the brackets is now
minimally subtracted.
The renormalized bilinear field equations can be used to express the trace equa-
tion in terms of the anomalous dimension of the superfields. Inserting the bilinear
equations of motion as an algebraic identity,
φi
δΓ0
δφi
= D¯D¯φiφ¯i + φiW,i
φ¯i
δΓ0
δφ¯i
= DDφiφ¯i + φ¯iW¯,i, (4.6)
into the effective action Γ and applying the “BPHZ” renormalized quantum action
principle yields the renormalized counting density identities
φi
δ
δφi
Γ =
[
D¯D¯φiφ¯i + φiW,i
]
hard
Γ
φ¯i
δ
δφ¯i
Γ =
[
DDφiφ¯i + φ¯iW¯,i
]
hard
Γ. (4.7)
Exploiting the Zimmermann identity to relate the over subtracted to the minimally
subtracted terms here, as in the trace equations into which they are substituted,
results in a redefinition of the supercurrent coefficients and the appearance of the
renormalization group anomalous dimension of the fields (it is related to the r co-
efficient) in the scale and R weights of the Ward-Takahashi functional differential
operator and the appearance of an anomalous dimension correction to the breaking
terms. In short the familiar results for the renormalization of the trace of the super-
current are assumed to hold in the spontaneous breaking domain wall case as well as
in its absence [24], [29]. With a further renormalization of the supercurrent, denoted
V ren.αα˙ , similar in form to V
′
αα˙, the renormalized trace equations become
− 2w(γ)α Γ = D¯α˙V ren.αα˙ Γ + 2DαSren. Γ
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−2w¯(γ)α˙ Γ = DαV ren.αα˙ Γ + 2D¯α˙S¯ren. Γ , (4.8)
where the anomalous dimension Ward-Takahashi identity operators are given by
w(γ)α Γ = 2(Dαφ
i)
δΓ
δφi
− 2
3
∑
i
(1 + γi)Dα
(
φi
δΓ
δφi
)
w¯
(γ)
α˙ Γ = 2(D¯α˙φ¯
i)
δΓ
δφ¯i
+
2
3
∑
i
(1 + γi)D¯α˙
(
φ¯i
δΓ
δφ¯i
)
. (4.9)
With appropriate normalization the symmetry breaking terms become
Sren. = −
[
2W +
∑
i
ni(1 + γi)φ
iW,i+D¯D¯
∑
i
(
2
3
+ ni
)
φ¯iφi
]
minimum
S¯ren. = −
[
2W¯ +
∑
i
ni(1 + γi)φ¯
iW¯ ,i+DD
∑
i
(
2
3
+ ni
)
φ¯iφi
]
minimum
, (4.10)
which, for canonical scaling weight ni = −2/3, become
Sren. = −2[W − 1
3
∑
i
(1 + γi)φ
iW,i ]minimum
S¯ren. = −2[W¯ − 1
3
∑
i
(1 + γi)φ¯
iW¯ ,i ]minimum. (4.11)
The radiative corrections to the kinetic terms in equation (4.5) have been expressed
as anomalous dimension corrections to the improvement terms. Thus for the case
of a domain wall solution to the BPS equations, dA(z)
dz
= W ′(A(z)), and hence the
field equations (3.5), the contribution of the breaking terms involving the anomalous
dimension to the topological central charge vanish either in the form of S ′, S¯ ′ as
D¯D¯(φ¯φ) and DD(φ¯φ) terms or in the form Sren., S¯ren. as φiW,i and φ¯W¯ ,i terms, as
will be seen in the following.
Returning to the expression for the SUSY tensorial central charge current, equa-
tion (1.11), they are given by the generalized trace of the supercurrent
Zˆµαβ = +2i
[
σ¯µγ˙α Dβ + σ¯
µγ˙
β Dα
]
DγV ren.γγ˙
= +16iσµναβ∂ν S¯
ren. − 4i[σ¯µγ˙ αDβ + σ¯µγ˙ βDα]w¯(γ)γ˙ Γ
= ζˆµαβ − 4i[σ¯µγ˙ αDβ + σ¯µγ˙ βDα]w¯(γ)γ˙ Γ
ˆ¯Z
µ
α˙β˙ = −2i
[
D¯α˙σ¯
µγ˙
β˙
+ D¯β˙σ¯
µγ˙
α˙
]
D¯γ˙V ren.γγ˙
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= +16iσ¯µν
α˙β˙
∂νS
ren. − 4i[D¯α˙σ¯µγβ˙ + D¯β˙σ¯
µγ
α˙ ]w
(γ)
γ Γ
= ˆ¯ζ
µ
α˙β˙ − 4i[D¯α˙σ¯µγβ˙ + D¯β˙σ¯
µγ
α˙ ]w
(γ)
γ Γ. (4.12)
Thus the topological currents are identified as
ζˆµαβ = +16iσ
µν
αβ∂ν S¯
ren.
ˆ¯ζ
µ
α˙β˙ = +16iσ¯
µν
α˙β˙
∂νS
ren.. (4.13)
Again it is noted that for a domain wall solution to the BPS equations and hence the
field equations (3.5), the anomalous dimension contributions as well as the improved
current contributions to the topological charge vanish and the value of the topological
charge remains unrenormalized [6]. Explicitly, the topological currents are
ζˆµαβ = −32iσµναβ∂ν [W¯ −
1
3
∑
i
(1 + γi)φ¯
iW¯ ,i ]
ˆ¯ζ
µ
α˙β˙ = −32iσ¯µνα˙β˙∂ν [W −
1
3
∑
i
(1 + γi)φ
iW,i ]. (4.14)
In the simplest single field Wess-Zumino model with superpotential W = m2φ− λ
3
φ3,
the domain wall solution in the x-y plane φ = m√
λ
tanhm
√
λz + θ2 m
2
4 cosh2m
√
λz
results
in the topological currents
ζˆµαβ = −32iσµ3αβ∂z
(
W¯ − 1
3
(1 + γ)φ¯W¯ ′
)
= 64im2σµ3αβ∂z
(
φ¯
[
2
3
− 1
3
γ(1− λ
m2
φ¯2)
])
ˆ¯ζ
µ
α˙β˙ = −32iσ¯µ3α˙β˙∂z
(
W − 1
3
(1 + γ)φ¯W¯ ′
)
= 64im2σ¯µ3
α˙β˙
∂z
(
φ
[
2
3
− 1
3
γ(1− λ
m2
φ2)
])
.
(4.15)
Hence the topological charge density, which is equal to the BPS domain wall tension,
is secured, as indicated by equation (1.9),
ζ ≡ 1
16
∫ +∞
−∞
dzζˆ011 =
8
3
m3√
λ
, (4.16)
likewise using the ˆ¯ζ
µ
α˙β˙ current.
Finally the values of the conformal tensorial central charges evaluated on the do-
main wall are given in terms of the breaking terms Sren. and S¯ren.. The conformal
tensorial central charge currents are not trivially conserved and the conformal ten-
sorial central charges receive radiative corrections. As seen from equation (2.14) the
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currents depend on the anomalous dimensions of the superfields where d = (1+γ) for
each superfield. Also their non-conservation equations are given by equation (2.15)
with d = (1 + γ). The Yαα˙ and Y¯αα˙ conformal tensorial central charges that are
constructed from the first space-time moment of the SUSY tensorial central charge
currents, equation (2.14), in fact receive no radiative corrections since as in the SUSY
central charge case the anomalous dimension terms vanish upon integration across
the domain wall. From equation (2.14) the conformal central charge current is given
by
Y µαα˙ = 16i
[
/¯xσµν∂ν S¯
ren.
]
. (4.17)
The associated conformal central charge density is defined by the x and y symmetric
part of the z integral of the current
Yαα˙ =
1
16
∫ +∞
−∞
dzY 0αα˙ = −σ3αα˙ tζ, (4.18)
independent of radiative corrections.
On the other hand the second space-time moment conformal tensorial central
charge has radiative corrections. From equation (2.14) the conformal central charge
current is given by
Xµαβ = −16i [/xσ¯µν /¯x]αβ ∂νSren.. (4.19)
Hence the associated conformal central charge density is defined by the x and y
symmetric part of the z integral of the current
Xαβ =
1
16
∫ +∞
−∞
dzX0αβ = −σ3αβ
[
(t2 + x2 + y2)ζ −
∫ +∞
−∞
dzz2∂zS
ren.
]
. (4.20)
The first term similarly receives no radiative corrections, however the second term in-
volves the non-vanishing z-integral of Sren. = −2(m3√
λ
) tanhm
√
λz [2/3−1/3 γ
cosh2m
√
λz
]
which has dependence on the anomalous dimension γ of the fields. The conformal
tensorial central charges Xαβ and X¯α˙β˙ receive radiative corrections.
To conclude, some possible extensions of the current results are indicated. It seems
natural to extend this work to include vector superfields and to consider the tensorial
central charge extension of superconformal algebras with more than minimal SUSY.
These directions are particularly appealing since D = 4, N = 2 supersymmetric QCD
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has been found to admit domain walls [30] [31] as well as non-Abelian vortex-strings
[32] and their junctions (see [33] for a review). The central charge extension of the
N = 2 (softly broken) superconformal algebra can be studied by constructing the
supercurrent as was done in this paper. Along the same lines, it is of interest to
investigate the construction of BPS solitons in the superconformal case of a U(N)
gauge theory with 2N hypermultiplets in the fundamental representation. In addition,
mass deformed N = 4 superconformal gauge theories such as the N = 1∗ or N = 2∗
theories can be studied with the methods developed here, as they have been shown to
include BPS domain walls [34], [35] and vortex-strings [36]. In this regard it should
be noted that the domain wall tensorial central charge in the SUSY algebra of the
N = 1∗ theory has recently been discussed in [35].
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Appendix A: Tensorial Central Charge Extension
of the Superconformal Algebra
The tensorial central charge extension of the N = 1, D = 4 superconformal algebra
consists of the charges
• P µ : space-time translations
• Mµν : Lorentz transformations
• D : Dilatations
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• Kµ : (Special) Conformal transformations
• Qα, Q¯α˙ : Supersymmetry transformations
• Sα, S¯α˙ : Special or Conformal Supersymmetry transformations
• R : R-transformations
• Zαβ, Z¯α˙β˙ : SUSY Tensorial Central Charges
• Xαβ, X¯α˙β˙, Yαα˙, Y¯αα˙ : Conformal Tensorial Central Charges
The conformal algebra is given in terms of the 15 charges P µ, Mµν , D, and Kµ:
[P µ, P ν] = 0
[Mµν ,Mρσ] = −i (gµρMνσ − gµσMνρ + gνσMµρ − gνρMµσ)
[Mµν , P λ] = i
(
P µgνλ − P νgµλ
)
[Mµν , Kλ] = i
(
Kµgνλ −Kνgµλ
)
[Mµν , D] = 0
[D,P µ] = −iP µ ; [D,Kµ] = +iKµ
[P µ, Kν ] = +2i (gµνD −Mµν)
[Kµ, Kν ] = 0, (A.1)
where the Minkowski metric gµν has signature (+,−,−,−).
The tensorial central charge extended super-Poincare´ algebra includes the gener-
ators Qα, Q¯α˙, and R and the SUSY tensorial central charges Zαβ and Z¯α˙β˙:
{Qα, Q¯α˙} = +2σµαα˙Pµ
[Mµν , Qα] = −1
2
σµν βα Qβ
[Mµν , Q¯α˙] = −1
2
σ¯µν
α˙β˙
Q¯β˙
[P µ, Qα] = 0 = [P
µ, Q¯α˙]
[R,P µ] = 0 = [R,Mµν ]
[R,Qα] = +Qα
[R, Q¯α˙] = −Q¯α˙ (A.2)
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and the central extension
{Qα, Qβ} = Zαβ ; {Q¯α˙, Q¯β˙} = Z¯α˙β˙. (A.3)
The graded Jacobi identity applied to (M,Q,Q) implies that Z is in the (1,0) repre-
sentation of the Lorentz group while the Jacobi identity applied to (M, Q¯, Q¯) implies
that Z¯ transforms as the (0,1) representation of the Lorentz group. Likewise, the
graded Jacobi identity applied to (R,Q,Q) and (R, Q¯, Q¯) yields that the R-weights
of the charges are additive, hence
[R,Zαβ] = +2Zαβ
[R, Z¯α˙β˙] = −2Z¯α˙β˙. (A.4)
Considering the Jacobi identities for (P,Q,Q) and (P, Q¯, Q¯) yields the translation
invariance of Z and Z¯
[P µ, Zαβ] = 0 = [P
µ, Z¯α˙β˙]. (A.5)
Including the dilatation, D, and conformal, Kµ, transformations requires the in-
troduction of the special supersymmetry transformation generators Sα and S¯α˙. The
relevant commutators are
[D,Qα] = − i
2
Qα
[D, Q¯α˙] = − i
2
Q¯α˙
[Kµ, Qα] = −iσµαα˙S¯α˙
[Kµ, Q¯α˙] = −iSασµαα˙. (A.6)
The graded Jacobi identities imply that the scaling weights of the charges also are
additive
[D,Zαβ] = −iZαβ
[D, Z¯α˙β˙] = −iZ¯α˙β˙. (A.7)
In order to include the central charges Zαβ and Z¯α˙β˙ in the superconformal al-
gebra additional tensorial central charges need to be introduced. In addition the
supersymmetry and special supersymmetry charges’ anticommutation relations must
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be modified. Including the superconformal charges Sα and S¯α˙, the superconformal
algebra begins as usual
[Mµν , Sα] = −1
2
σµν βα Sβ
[Mµν , S¯α˙] = −1
2
σ¯µν
α˙β˙
S¯ β˙
[P µ, Sα] = −iσµαα˙Q¯α˙
[P µ, S¯α˙] = −iQασµαα˙
[R, Sα] = −Sα
[R, S¯α˙] = +S¯α˙
[D,Sα] = +
i
2
Sα
[D, S¯α˙] = +
i
2
S¯α˙
{Sα, S¯α˙} = +2σµαα˙Kµ. (A.8)
The supersymmetry charges’ algebra however must be altered to include the param-
eter ρ which has the self consistent values determined by the graded Jacobi identity.
ρ = 1 in the absence of tensorial central charges and ρ = −1/3 when the algebra is
extended to include additional central charges Xαβ, X¯α˙β˙, Yαα˙ and Y¯αα˙
{Qα, Sβ} = +i
(
σµναβMµν + 2iǫαβD − 3ρǫαβR
)
{Q¯α˙, S¯β˙} = −i
(
σ¯µν
α˙β˙
Mµν − 2iǫα˙β˙D − 3ρǫα˙β˙R
)
{Qα, S¯α˙} = Yαα˙ = +2σµαα˙Yµ
{Sα, Q¯α˙} = Y¯αα˙ = +2σµαα˙Y¯µ
{Sα, Sβ} = Xαβ
{S¯α˙, S¯β˙} = X¯α˙β˙. (A.9)
As above, the Jacobi identities imply that Y and Y¯ are in the (1/2, 1/2) rep-
resentation of the Lorentz group while X and X¯ are in the (1,0) and (0,1) rep-
resentations. The R-weights and scaling weights act additively, hence the follow-
ing table of the various weights (including the non-central charges) is obtained.
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Charge Scale Weight R-Weight
(Dimension)
P µ -1 0
Mµν 0 0
D 0 0
Kµ +1 0
R 0 0
Qα -1/2 +1
Q¯α˙ -1/2 -1
Sα +1/2 -1
S¯α˙ +1/2 +1
Zαβ -1 +2
Z¯α˙β˙ -1 -2
Xαβ +1 -2
X¯α˙β˙ +1 +2
Yαα˙ 0 +2
Y¯αα˙ 0 -2
Additional use of the Jacobi identities determines the commutation relations in-
volving the central charges as well as the consistency requirement for the parameter
ρ. For the tensorial central charge extension of the N = 1, D = 4 superconformal
algebra to be consistent ρ = −1/3, without tensorial central charges ρ = 1 for con-
sistency. First, the non-trivial commutators involving the central charges are listed
along with the Jacobi identities involved. The restrictions of the scale weight of
charges being 0, ±1/2, ±1 and the R-weight of charges being 0, ±1, ±2 set many
commutators to zero. First the space-time transformations of the central charges
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are considered. This exhibits the necessity of introducing the set of tensorial central
charges {Z, Z¯,X, X¯, Y, Y¯ }
(P,Q, S¯) : [P µ, Yαα˙] = +iσ¯
µ β
α˙ Zβα
(P, Q¯, S) : [P µ, Y¯αα˙] = +iσ
µ β˙
α Z¯α˙β˙
(P, S, S) : [P µ, Xαβ ] = −iσµαα˙Y¯ α˙β − iσµβα˙Y¯ α˙α
(P, S¯, S¯) : [P µ, X¯α˙β˙ ] = +iσ¯
µ α
α˙ Yαβ˙ + iσ¯
µ α
β˙
Yαα˙
(K,Q,Q) : [Kµ, Zαβ] = +iYαβ˙σ¯
µβ˙
β + iYββ˙σ¯
µβ˙
α
(K, Q¯, Q¯) : [Kµ, Z¯α˙β˙ ] = +iσ¯
µα
β˙
Y¯αα˙ + iσ¯
µα
α˙ Y¯αβ˙
(K,Q, S¯) : [Kµ, Yαα˙] = +iX¯α˙β˙σ
µβ˙
α
(K, Q¯, S) : [Kµ, Y¯αα˙] = +iσ¯
µβ
α˙ Xβα (A.10)
The supersymmetry and superconformal transformations of the central charges
are found to be
(Q, Q¯, S¯) : [Q¯α˙, Yββ˙] = −3i(1 − ρ)ǫα˙β˙Qβ
(Q, Q¯, S) : [Qα, Y¯ββ˙] = −3i(1 − ρ)ǫαβQ¯β˙
(Q, S, S) : [Qγ , Xαβ] = −3i(1 − ρ) (ǫγαSβ + ǫγβSα)
(Q¯, S¯, S¯) : [Q¯γ˙ , X¯α˙β˙] = −3i(1 − ρ)
(
ǫγ˙α˙S¯β˙ + ǫγ˙β˙S¯α˙
)
(Q,Q, S) : [Sγ, Zαβ] = −3i(1 − ρ) (ǫγαQβ + ǫγβQα)
(Q¯, Q¯, S¯) : [S¯γ˙, Z¯α˙β˙] = −3i(1 − ρ)
(
ǫγ˙α˙Q¯β˙ + ǫγ˙β˙Q¯α˙
)
(Q, S, S¯) : [Sα, Yββ˙] = −3i(1 − ρ)ǫαβ S¯β˙
(Q¯, S, S¯) : [S¯α˙, Y¯ββ˙] = −3i(1 − ρ)ǫα˙β˙Sβ. (A.11)
Finally, the commutators of the central charges with each other
(Q,Q, Y¯ ), (Q¯, S, Z) : [Zαβ , Y¯γγ˙] = −6i(1− ρ)
(
ǫαγσ
µ
βγ˙ + ǫβγσ
µ
αγ˙
)
Pµ
(Q¯, Q¯, Y ), (Q, S¯, Z¯) : [Z¯α˙β˙, Yγγ˙] = −6i(1− ρ)
(
ǫα˙γ˙σ
µ
γβ˙
+ ǫβ˙γ˙σ
µ
γα˙
)
Pµ
(S, S, Y ), (Q, S¯,X) : [Xαβ , Yγγ˙] = −6i(1− ρ)
(
ǫαγσ
µ
βγ˙ + ǫβγσ
µ
αγ˙
)
Kµ
(Q¯, S, X¯), (S¯, S¯, Y¯ ) : [X¯α˙β˙, Y¯γγ˙] = −6i(1− ρ)
(
ǫα˙γ˙σ
µ
γβ˙
+ ǫβ˙γ˙σ
µ
γα˙
)
Kµ
(Q, S¯, Y¯ ), (Q¯, S, Y ) : [Yαα˙, Y¯ββ˙] = −3(1− ρ)
(
ǫαβ σ¯
µν
β˙α˙
+ σµναβǫβ˙α˙
)
Mµν
+18ρ(1− ρ)ǫαβǫβ˙α˙R
(Q,Q,X), (S, S, Z) : [Zαβ, Xγδ] = +3(1− ρ)Mµν
(
ǫαγσ
µν
βδ + ǫβγσ
µν
αδ + ǫαδσ
µν
βγ + ǫβδσ
µν
αγ
)
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+12i(1− ρ)D (ǫαγǫβδ + ǫαδǫβγ)
−18ρ(1− ρ)R (ǫαγǫβδ + ǫαδǫβγ)
(S¯, S¯, Z¯), (Q¯, Q¯, X¯) : [Z¯α˙β˙, X¯γ˙δ˙] = −3(1− ρ)Mµν
(
ǫα˙γ˙σ¯
µν
β˙δ˙
+ ǫβ˙γ˙ σ¯
µν
α˙δ˙
+ ǫα˙δ˙σ¯
µν
β˙γ˙
+ ǫβ˙δ˙σ¯
µν
α˙γ˙
)
+12i(1− ρ)D
(
ǫα˙γ˙ǫβ˙δ˙ + ǫα˙δ˙ǫβ˙γ˙
)
+18ρ(1− ρ)R
(
ǫα˙γ˙ǫβ˙δ˙ + ǫα˙δ˙ǫβ˙γ˙
)
.
(A.12)
The remaining Jacobi identities provide an important consistency check for the
above algebra. Indeed, each of the remaining Jacobi triplets that involve SUSY
charge, conformal SUSY charge and at least one tensorial central charge, for example
(Q, S, Z¯) or (Q, X¯, Y¯ ), yields
ρ = −1
3
(A.13)
in the case of non-trivial tensorial central charges or they provide a consistency check
independent of the choice of ρ( 6= 1). In the absence of tensorial central charges,
the Jacobi closure of the algebra requires, as usual, that ρ = 1 as seen in equation
(A.11). This completes the tensorial central charge extension of the N = 1, D = 4
superconformal algebra, OSp(1|8) [20], [19], [21].
Appendix B: Superconformal Transformations
and Component Fields
Of particular interest are the SUSY and superconformal transformations of the su-
perfields and component fields. The SUSY transformations of the superfields are
represented by superspace differential operators acting on the fields (suppressing the
internal indices)
i[Qα, φ] = δ
Q
α φ =
(
∂
∂θα
+ i(/∂θ¯)α
)
φ
i[Q¯α˙, φ] = δ
Q¯
α˙ φ =
(
− ∂
∂θ¯α˙
− i(θ/∂)α˙
)
φ, (B.1)
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and likewise for φ¯. Expanding in terms of components yields the usual SUSY variation
of the component fields
δQαA = ψα δ
Q
α A¯ = 0
δQαψβ = −2ǫαβF δQα ψ¯β˙ = +2i/∂αβ˙A¯
δQαF = 0 δ
Q
α F¯ = −i(/∂ψ¯)α
δQ¯α˙A = 0 δ
Q¯
α˙ A¯ = ψ¯α˙
δQ¯α˙ψα = +2i/∂αα˙A δ
Q¯
α˙ ψ¯β˙ = +2ǫα˙β˙F¯
δQ¯α˙F = +i(∂ρψσ
ρ)α˙ δ
Q¯
α˙ F¯ = 0. (B.2)
The superconformal transformations of the fields can be represented by the su-
perspace differential operators
i[Sα, φ] = δ
S
αφ =
(
−xµσµδQ¯ + 2θδR − iθ2D − 2i(d− n
2
)θ
)
α
φ
i[S¯α˙, φ] = δ
S¯
α˙φ =
(
−xµδQσµ + 2θ¯δR + iθ¯2D¯ + 2i(d+ n
2
)θ¯
)
α˙
φ, (B.3)
where the R transformation for superfields is
i[R, φ] = δRφ = i
(
n+ θ
∂
∂θ
+ θ¯
∂
∂θ¯
)
φ . (B.4)
Chirality of the fields requires the R weight n to be related to the scale weight d of
the fields: n = −2
3
d for chiral superfields and n¯ = +2
3
d for antichiral superfields. The
R transformations for the component fields become
δRA = inA δRA¯ = −in¯A¯
δRψ = i(n + 1)ψ δRψ¯ = −i(n¯ + 1)ψ¯
δRF = i(n + 2)F δRF¯ = −i(n¯ + 2)F¯ . (B.5)
Likewise, expanding in terms of component fields, the superconformal variations of
the component fields are secured
δSαA = (−/xδQ¯)αA = 0
δSαψβ = (−/xδQ¯)αψβ − 4idǫαβA = 2i(/x/¯∂A)αβ − 4idǫαβA
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δSαF = (−/xδQ¯)αF − 2i(1− d)ψα = −i(/x/¯∂ψ)α − 2i(1− d)ψα
δSαA¯ = (−/xδQ¯)αA = −(/xψ¯)
δSα ψ¯β˙ = (−/xδQ¯)αψ¯β˙ = 2/xαβ˙F¯
δSα F¯ = (−/xδQ¯)αF¯ = 0
δS¯α˙A = (/¯xδ
Q)α˙A = (/¯xψ)α˙
δS¯α˙ψα = (/¯xδ
Q)α˙ψα = 2/xαα˙F
δS¯α˙F = (/¯xδ
Q)α˙F = 0
δS¯α˙A¯ = (/¯xδ
Q)α˙A¯ = 0
δS¯α˙ ψ¯β˙ = (/¯xδ
Q)α˙ψ¯β˙ + 4idǫα˙β˙A¯ = 2i(/¯x/∂A¯)α˙β˙ + 4idǫα˙β˙A¯
δS¯α˙ F¯ = (/¯xδ
Q)α˙F¯ + 2i(1− d)ψ¯α˙ = −i(/¯x/∂ψ¯)α˙ + 2i(1− d)ψ¯α˙. (B.6)
The spacetime translation symmetry transformations have the universal form
i[Pµ, φ] = δ
P
µ φ = ∂µφ (B.7)
and likewise for the antichiral field. Hence each component field transforms as the
spacetime derivative
δPµ ϕ = ∂µϕ, (B.8)
where ϕ runs over all component fields, ϕ ∈ {A,ψ, F, A¯, ψ¯, F¯}.
The generalized Wess-Zumino superspace action, equation (1.3),
Γ =
∫
dV K(φ, φ¯) +
∫
dS W (φ) +
∫
dS¯ W¯ (φ¯), (B.9)
has the component field, equation (1.4), expansion
Γ =
∫
d4xL, (B.10)
with Lagrangian
L = 16K,i¯i ∂µAi∂µA¯i¯ + 16K,i¯i F iF¯ i¯ + 4iK,i¯i (ψi
↔
/∂ ψ¯ i¯)
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+ψiψjK,iji¯j¯ ψ¯
i¯ψ¯j¯ − 4ψiψjK,iji¯ F¯ i¯ − 4F iK,i¯ij¯ ψ¯ i¯ψ¯j¯
−4iK,iji¯ ψi(/∂Aj)ψ¯ i¯ + 4iK,i¯ij¯ ψi(/∂A¯j¯)ψ¯ i¯
−4F iW,i−4F¯ i¯W¯ ,¯i+W,ij ψiψj + W¯ ,¯ij¯ ψ¯ i¯ψ¯j¯ . (B.11)
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